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1 Motivation for symplectic geometry

Smooth manifolds in this lecture will be considered Hausdorff and second countable. Unless otherwise stated,
we will assume manifolds to have constant dimension.

Remark 1.1. Almost everything stays true for manifolds with connected components of varying dimension. Some-
times ‘boundedness’ of the dimension is useful to obtain certain ’finiteness’ results. For instance, we will have
statements of the type: any differential form can be written as a finite sum of wedge products of one-forms, which
is not true for manifolds like | |, RE.

We recall the following facts about smooth manifolds:
e For any smooth manifold M, the tangent bundle T'M is a vector bundleﬂ
o The space of smooth sections I'(T'M) of TM is denoted by X(M). Its elements are called vector fields.

o There is a canonical isomorphism X(M) = Der(C*>(M)), where the latter is the space of derivations of the
R-algebra C*°(M), i.e. the space of linear maps D : C*°(M) — C*°(M) satisfying D(f-g) = D(f)-g+f-D(g).

e Vector fields carry a commutator bracket, which is skew-symmetric and satisfies the Jacobi identity.

1.1 From gradients to Poisson structures (GEOMETRY)

Let M be a smooth manifold. Recall that for any smooth function f € C°°(M), there is a natural section of the
cotangent bundle df € ['(T*M), given by the differential. In coordinates z; it is given by df = 3. 2L dx;. Note

LA vector bundle of rank k over M is a smooth manifold E with a projection 7 : E — M and fiberwise vector space structures,
such that for any x € M there is an open neighborhood U, C M and a diffeomorphism E|y, = wgl(Ur) =~ U, x R¥ intertwining the
projections onto U, and the fiberwise vector space structures.



that this is a linear form (in coordinates: a row vector). To obtain the gradient Vf, which is a vector field (in
coordinates : a column vector), we need to use an isomorphism p : 7*M — T M, usually the musical isomorphism
p = ¢ induced by a Riemannian metric g : TM x5, TM — R. The gradient is supposed to indicate the steepest
direction for changes in f, and this is due to a property of the metric:

X(f) =df(X) =g(Vf,X)

For X of prescribed length, this expression will always be maximal when X is (an appropriate multiple) of V f.
Imagine now, that we want to do the opposite: Given a function f, we want to find directions in which f does
not change. What is the property we might want from p? Let us write

VP f = p(df).
Then we can calculate
0=V’f(f)=df(V°f)=df(p(df)).

So p should satisfy a(p(«)) = 0 for all & € T*M. If we reinterpret p : T*M — TM asamap 7 : T*M xpT*M — ]RE|
(and write V™ rather than V*) this would mean that 7 is skew-symmetric. We can use all of this to define a skew-
symmetric bracket

{1,917 :=(V")g) = =(VT9)(f)

on smooth functions. For this to be a useful construction, we would need this new bracket to be compatible with
the Lie bracket of vector fields, i.e. satisfy the equality

Vi{f, 9y =[V"f, Vg (1)

Definition 1.2. A Poisson structure on a smooth manifold M is a skew-symmetric map m : T*M X T*M — R
such that for all pairs of smooth functions f,g the identity V™{f,g}™ = [V™ f, V™g] holds.

Let us try to see what is happening in local coordinates. Assume M = R™ equipped with the standard
frame of the tangent bundle 0,,, ..., 05, and the dual frame of the cotangent bundle dzi, ...,dz,. A smooth map
m:T*M X T*M — R is then just given as by a collection of smooth functions

w(dmi,dxj) =!Ti; € COO(M)
The p corresponding to 7 is then the map p(dz;) = >, m; j0;; and the bracket becomes

of 9y
{fv g}ﬂ— = T4 .
zz,j: J 6Z‘Z 8xj

The skew-symmetry simply means 7; ; = —; ;. The following lemma will help us verify Equation :
Lemma 1.3. If for all i,j, we have V™{x;,x;}™ = [V"x;, V7 x;], then Equation holds for all f,g.

Proof. Let us write ¢™(f,g) for [V™f,V7g] — V™{f,g}™. Since V™, [-,-] and {-,-}™ all depend only on the (value
and) first derivatives of their arguments, the value of ¢™(f,g) at some point & can only depend on the values,
first and second derivatives of f and g at that point. This means that if we show that ¢™(f,g) vanishes for f,g
arbitrary polynomials of degree < 2, then it will vanish on all pairs of smooth functions. We note that if f or g is
constant, ¢™(f,g) = 0 holds automatically. Hence, by bilinearity and the assumption of the Lemma, ¢™(f,g) = 0
for polynomial functions of degree < 1. It remains to show that ¢™(x;z;,zrz;) = 0 for any four indices i, j, k, I.
This can be verified, either by direct computation or by verifying that ¢™ is a biderivation, i.e. a derivation in both
its entries. 0

Since a vector field being zero is completely determined by it vanishing on a coordinate system, we can verify
Equation by testing whether the expression

Ji,j,k = [V”xi7 V”xj]xk - Vw{l‘i, l‘j}ﬂ—l‘k

2Le. we set m(a, B) := {p(a), B) = B(p(cr)). We can reconstruct p from , because we are in the setting of finite-dimensional vector
bundles, (V*)* = V.



is zero for all ¢, j, k. By rewriting the commutator of vector fields [V™z;, V™x;] as V™2, V™x; — V72;V72; and then
replacing all expressions we can by brackets, we obtain:

Jigw = i {zg an ™3 = {ag, {ws, 2} ™3 = {{wi, 2517, 2 )7

We can calculate

Doing the same for the other terms and using skew-symmetry, we obtain

Corollary 1.4. A family (7; ;)i jeq1,...n} of smooth functions defines a Poisson structure on R™ if and only if it is
skew-symmetric (m; ; = —m;;) and if it satisfies the differential equations

671']‘ k (97% i 87@- j
§ i s . s P =0
; (W ! oxy + oxy + Tt oxy

foralli,j k.
Example 1.5. For any skew-symmetric constant n X n-matriz A, m; ; == A; ; defines a Poisson structure on R™.

Exercise 1.6. Calculate V™ and {-,-}™ for the Poisson structure on R*™ given by the skew-symmetric matriz
Om><m _Im
Im Ome ’

Example 1.7. In dimension 1, the only Poisson structure is the trivial one m; = 0.

where I, is the m x m-identity matriz.

Exercise 1.8. When n = 2, then a Poisson structure is given by a single function w19 = —me1 € C*(R?). Show
that any such function defines a Poisson structure. (It is good if that turns out quite annoying: The reason it might
be annoying is that we are missing some mathematical tools, which we are going to learn soon).

Exercise 1.9. Try constructing a skew-symmetric w in R3, which does not define a Poisson structure.

Exercise 1.10 (Linear Poisson structures). Let us assume m; j are linear, i.e. can be written as m; ; = ) i cfjxk.
’, k2
Calculate under which conditions c¥ ; form a Poisson structure.
,

Remark 1.11 (Lie algebras). Let g be a finite-dimensional Lie algebra and &1, ..., &, a basis of g. Then the structure
coefficients of g with respect to &1, ..., &, are the unique constants cﬁj satisfying (&, &5] = D 4 cﬁjfk. Then the skew-
symmetry and Jacobi identity of the Lie algebra recovers exactly the equations from the previous exercise. This is
no coincidence - we will see why this is the case later.

1.1.1 The Poisson structure for classical mechanics

Let us return to the Poisson structure from Exercise We think of M = R?" as phase space with coordinates ¢;
for positions and p; for momenta. The Poisson structure satisfies {p;,q;} = d; ; (i.e., 0 for ¢ # j and 1 for i = j)
and {p;,p;} = {¢i,¢;} = 0. Let us fix a constant m > 0 (the mass of a particle, if you are not a physicist, m = 1)
and consider a function (Hamiltonian / energy):

.0 = Y L4 i)

2
where ), 2p;n is the kinetic energy and V is any smooth function of the ¢ variables only (the potential energy).

Then dH =, 2dp; + %dQu and hence

- Pi 8V
V™H = Z <m8qi - aqapl)



This means an integral curve ((¢(t),p(t))) of V™ H satisfies the equations of motion of a particle moving through

R”™ :
. D . 8V( )
qi = m’ Di = £ q
or, written in one equation:
. ov
mq; = (q)-

Example 1.12. Forn =1 and V(q) = §q2 (k a constant representing the strength of the spring), we obtain the
harmonic oscillator ¢ = _ﬁkq.

Example 1.13. Forn =3 and V(q) = %, (and excluding points with ¢ = 0) we obtain the gravitation law,

where G is a universal constant and M is the mass of the attracting body. Then the equation is § = —GM#.

So we can reconstruct the equation of motions from the energy using the Poisson structure, but what do we
gain? First, we constructed everything so that V*H(H) = 0, i.e. H is constant along the trajectories of V™ H.
Secondly, the bracket {-,-}™ can help us find and understand solutions. If {H, f}™ = 0, then

e The flow of V™ f moves solutions of the equations of motion of H to solutions,
e The function f is constant on solutions of the equations of motion.

Exercise 1.14. Verify these facts.

1.2 Lie and Poisson algebras (ALGEBRA)

In this section we will summarize what we have seen and introduce the standard notation for it.

Definition 1.15. For a fiberwise bilinear smooth map © : T*M xa T*M — R we write n% : T*M — TM for
the induced map, uniquely determined by w(c, ) = (7, B) = B(w*a) and call it anchor . We call X; = w*df the
Hamiltonian vector field of f, and {f, g} := Xyg the bracket of f with g.

o When 7 is skew-symmetric, we call it a bivector .
o When m satisfies X5 5y = [Xy, Xg] for all f,g € C*°(M) we call it bracket-preserving .

o When 7 is skew-symmetric and bracket-preserving we call it a Poisson bivector and (M, ) a Poisson manifold

Remark 1.16. Usually the words anchor, Hamiltonian vector field and bracket are only used when 7 is Poisson.

1.2.1 Lie algebras

In this section we will introduce the algebraic terms for the properties of the bracket {-, -}, i.e. the notion of (left-)
Leibniz algebras and Lie algebras.

Definition 1.17. A (left) Leibniz algebra structure on a vector space V is a bilinear bracket [-,-] satisfying the
following (left) Jacobi identity:
[f, g, hl] = [[f. 9], h] + [g, [, h]]-

Bracket-preserving linear maps between Leibniz algebras are called Leibniz algebra homomorphisms.
A Leibniz algebra structure on V' is called Lie algebra structure, if it is skew-symmetric. A Lie algebra homo-
morphism is a Leibniz algebra homomorphism between Lie algebras.

Remark 1.18. We will use the convention for Leibniz algebras for which [f,] is a derivation of the bracket. If
instead we would write the equation in which [-, f] was a derivation, we would obtain a different notion (called right
Leibniz algebras). In the presence of skew-symmetry both notions are equivalent.

Example 1.19. The commutator of vector fields is a Lie bracket on X(M) for a smooth manifold M.

Example 1.20. Let V be a vector space and W = End(V') be the linear endomorphisms of V.. Then the commutator
[A,B]:= Ao B — Bo A is a Lie bracket on W. In particular for V. =R"™, we obtain a Lie bracket on the space of
square matrices gl(n,R) := Mat,, «, (R).



Example 1.21. When V is a Lie algebra and V C V a vector subspace closed under the bracket, then V is a Lie
algebra. One can verify that inside gl(n,R), the spaces of

o trace zero matrices, sl(n,R)
o skew-symmetric matrices so(n,R)
are Lie subalgebras.
Exercise 1.22. Show that:
o For any vector space, the zero bracket is a Lie bracket.

o For any two Lie algebras g,g’, there exists a unique Lie bracket on g ® ¢ = g X g’ such that the inclusions
of g,¢ into g x g’ are Lie algebra homomorphisms and the projections from g x g’ to g,g' are Lie algebra
homomorphisms.

The reason we care about Leibniz brackets is the following:

Lemma 1.23. A 7 : T*M x5 T*M — R is bracket-preserving if and only if the induced bracket {-,-} : C°(M) x
C®(M) — C>®(M) is a (left) Leibniz bracket.

Proof. Two vector fields X7, Xy are equal if and only if X;(h) = X5(h) for any smooth function h. The statement
follows by applying X g = [Xf, X,] to a function h. O

1.2.2 Modules, Derivations and Poisson algebras

In this section we will define the algebraic terms to describe the way how the bracket {-,-} interacts with the
commutative multiplication of smooth functions. We will phrase things more generally. In this section let A be a
commutative associative R-algebra (with unit).

In order to define Poisson algebras, we need to recall a few purely algebraic notions:

Definition 1.24 (Module). An A-module is an abelian group L with a multiplication - : A x L — L such that for
all elements a,a’ € A, 1,I' € L:

a-(I+)y=a-l+a-l (a+ad)-l=a-1+ad -1
a-(a'-1)=(ad’)-1 1-1=1.
Let L, L’ be A-modules. A map F : L — L’ is called A-linear (or an A-module homomorphism ) if it is a group

homomorphism and intertwines the A-multiplications, i.e., a - (F(l)) = F(a-1) for all a,l. We write Hom (L, L")
for the space of A-linear maps from L to L'.

Le. it is just the definition of a vector space but without requiring the ring to be a field. Note that any A-module
is automatically an R-vector space since A contains R through unitality.

Exercise 1.25. Show that
o A itself is an A-module.

o For any two A-modules L,L’, the direct sum L & L' := L x L' has a unique A-module structure making the
inclusions and projections A-linear.

Definition 1.26. Let L be an A-module. An R-linear map D : A — L is called a derivation if it satisfies the
Leibniz rule
D(a-b)=a-D(b)+b- Dl(a)

for all a,b € A. An R-multilinear map ¢ : A¥ — L is called a multiderivation if it is a derivation in each entry. In
particular, for k = 2 it is then called a biderivation .

Example 1.27. A vector field X € X(M), seen as a map C°(M) — C>*(M) is a derivation.

Example 1.28. For any fiberwise bilinear smooth map 7 : T*M X T*M — R, the bracket {-,-} is a biderivation
and the map C®(M) — X(M), f — Xy is a derivation.



We finally can define:

Definition 1.29. A Poisson algebra is a commutative algebra A with a Lie bracket {-,-}, which is a biderivation.
Our considerations immediately imply:

Lemma 1.30. For a Poisson structure m the corresponding bracket {-,-} turns C°°(M) into a Poisson algebra.
We close with the following observation:

Theorem 1.31 ([GMOI]). Let A be an algebra without m’lpotenteﬂ and {-,-} a Leibniz bracket and a biderivation.
Then {-,-} is skew-symmetric, i.e., a Poisson bracket.

Proof. We apply the Jacobi identity to f = 22/2, g = x, h =  and calculate using the derivation property
(@22, (a2} = {{?/2,2), 2} + {a, (22/2,2})
— z{z, {z,2}} = o{{x, 2}, 2} + z{z, {z, 2}} + 2{z, 2}?

Subtracting = times the Jacobi identity for f = g = h = x, we obtain 2{z,z}? = 0, i.e. by the no nilpotents
assumption {z,z} = 0. This is equivalent to skew-symmetry by the polarization formula of linear algebra. O

Remark 1.32. This is a special case of the much more general considerations in [GMOI1)]. An example of this
implication failing without the no-nilpotents assumption can also be found there.

Corollary 1.33. A bracket-preserving m : T*M X T*M — R is always a Poisson structure (i.e., automatically
skew-symmetric).

1.3 A teaser for non-degeneracy (GEOMETRY)

The zero map induces a trivial Poisson structure whose bracket is the zero bracket. On the other side, the Poisson
structure from classical mechanics is fiberwise non-degenerate (as a bilinear map). The primary object of study of
this lecture is the latter case. We will express it in terms of the anchor:

Definition 1.34. A Poisson structure m is called a symplectic structure if 7 : T*M — TM is an injective map.
In that case we call m non-degenerate , otherwise degenerate .

Remark 1.35. Since tangent and cotangent bundle are of the same dimension this means that ¥ is an isomorphism.

When we were motivating Poisson structures using gradients, we were starting from a metric, a bilinear map
g:TM x5 TM — R, and constructed the anchor g# : T*M — TM from g. When 7 is non-degenerate, there is a
unique (automatically skew-symmetric) bilinear map w : TM x5y TM — R such that 7% = w*. This form is called
the symplectic form and to work with it, we will have to introduce Cartan calculus.

3i.e., f2 =0 implies f = 0.



2 Vector bundles

Winee:

X
(2 K 24%...

2.1 Reminder on smooth manifolds (GEOMETRY)

In this section we review some basic differential geometry. We start with the notion of submanifold, then discuss
transversality (a property assuring the existence of fiber products) and use these notions to redefine and study
vector bundles.

Definition 2.1. A subset S in a smooth manifold M of dimension n is called an embedded submanifold of dimension
k if for any point s € S there exists a chart ¢: M DU =V C R, such that #(SNU) = (RF x {0}~ *)NV.

Remark 2.2. Various inequivalent notions of submanifolds exist. We refer to [KMW2J)] for an overview.

2.1.1 Transversality and fiber products

Recall that for a smooth manifold we denote by T'M its tangent bundle and for a smooth map f: M — N between
smooth manifolds by T'f : TM — TN its differential (or tangent map).

Definition 2.3 (Transversality). Let My, Ma, N be smooth manifolds and f; : M; — N smooth maps. The maps
f1, f2 are called transversal (to each other) if for any v1 € My, x2 € My with f1(z1) = f2(x2), we have Im(Ty, f1) +
Im(T, f2) = Tfl(wl)N'

Lemma 2.4. (Fiber products) Let fi : My — N and fo : My — N be transversal, then their fiber product
My xn My := M, X f1,N,fa My = {(.131,.132) € My x M, | f1(.1‘1) = fg(.l?g)}

1s a submanifold of My x Ms.



Proof. Since being a submanifold is a local property we may, without loss of generality, assume that M; C R™ and
N C R” open. Then we consider the map F': My x My — R™ given by (x1,x2) — fi(z1) — fo(x2). Transversality
of the f; implies that 0 € R™ is a regular value of F. Hence My Xy My = F_I(O) is a smooth submanifold by the
implicit function theorem. 0

Smooth maps which have fiberwise surjective differential are transverse to any other smooth map. These maps
are called submersions.

Definition 2.5 (Submersion). A smooth map f : M — N s called submersion if for all m € M, the map
T f : TinM — TN is surjective.

Corollary 2.6 (Pullbacks along submersions). Let fi : M1 — N be a submersion and fo : My — N any smooth
map, then My Xy My is a submanifold of My x Ms.

Exercise 2.7 (Pullbacks of submersions). Show that in the setting of the above corollary, the second projection
map My X Mo — M is a submersion.

Corollary 2.8 (Locally lifting along submersions). Let fi : My — N be a submersion and fa : My — N any smooth
map. Let x1 € My, x5 € My such that f1(x1) = fa(x2). Then there exists an open subset U C My containing xo
and a smooth map 1l : U — My such that l(x2) = x1 and frol = folu.

(My,21)

I
//,,—” J/fl

(U, z2) C (M, z2) T}

Proof. 1t is sufficient to show that the submersion M7 x y My — M admits local a splitting s : U C My — M7 X vy Ma,
mapping s to (x1,x2). This can be shown using local coordinates and once again the implicit function theorem. [

Lemma 2.9 (Submersions are locally projections). Let p : M — N be a submersion from an m-dimensional
manifold to an n-dimensional one and x € M. Then there exist local coordinates (U, ) of M near x and (V,v) of
N near p(x) such that Y opo ¢~ (w1, ., Tpm) = (T1, .00y Tp).

Proof. Without loss of generality M C R™ and N C R™. Pick any projection 7x : R™ — ker(T,p) = R™™™ onto
the kernel of T, p. One can show that (p,7x) : R™ — R™ x R™~" is invertible near « and use this to find the
desired coordinates. O

2.1.2 Open covers and bump functions

A very useful fact in differential geometry is the fact that over compact manifolds any cover has a finite subcover.
Together with bump functions this allows to prove many global statements, if one has already proven the local one.
The manifolds we are interested in are often non-compact, so we need a way to remedy that. Such a way is given
by the following theorem:

Theorem 2.10 (Ostrand’s theorem). Let M be a smooth manifold of dimension n and U a cover of M. Then
there exists a collection {Vi o}ief1,... nt1},aen such that:

o Vi o are connected open subsets of elements of U,
o For fized i, the collection {V; o }aen is discreteﬂ
e Via cover M.

In other words, any cover of M can be refined to a cover which can be colored by n + 1 colors in such a way
that two sets of the same color never touch.

Proof. This is essentially [Ost71l, Lemma 3] together with the fact that smooth manifolds are normal spaces of
covering dimension n. O

4Each point in M admits an open neighborhood intersecting at most one of the Vi,o. In particular the sets have pairwise disjoint
closures.



A second useful tool is partitions of unity:

Definition 2.11. Let U = {U,}aer be an open cover of M. A partition of unity subordinate to U is a collection
of smooth functions {¢a : M — R}yer such that

s ¢a(M) C[0,1]
o supp(da) C U]

o Any point in M has an open neighborhood intersecting suppo, only for finitely many c.

. Z o G = 1.
Theorem 2.12 ([Leel2], Theorem 2.23). Any cover of a smooth manifold admits a partition of unity.

Corollary 2.13. Let C C U C M with C closed and U open. Then there is a function M — R which is 1 on C
and zero outside U.

Proof. U and M\C form a cover of M. O

2.2  Vector bundles (GEOMETRY)

We will now redefine vector bundles in an intrinsic way (without referring to local trivializations), prove a few
elementary facts about them and show that this new definition agrees with the classical one.

Definition 2.14 (Vector bundle). A vector bundle is a surjective submersion m : E — M and smooth maps
0:M—E, RxE—E, +:ExyE—=FE
preserving M -fibers and satisfying the axioms of a vector space fiberwise.

Remark 2.15. Here E X E is the fiber product of two copies of E along M wvia 7. Since 7 is a submersion it is
again a smooth manifold, so asking the map + to be smooth makes sense.

Definition 2.16 (Sections). Let w: E — M be a vector bundle (or more generally a surjective submersion). We
write IT'(E) for the space of smooth maps o : M — E satisfying w o o0 = idys and call it the space of sections of E.

Exercise 2.17. Show that for any vector bundle E — M, the space of sections T'(E) is a C°°(M)-module with the
multiplication given by (f - o)(x) = f(z) - o(z).

Lemma 2.18 (Any vector is reached by a section). Let E — M be a vector bundle, x € M and v € E,. Then
there is a section o € T'(E) such that o(z) = v.

Proof. We can obtain a local section ¢ : M D U — E through v by using that £ — M is a submersion. We then
can multiply it by a bump function x supported in a small neighborhood V' of = whose closure is contained in U
and satisfying x(z) = 1. The resulting section x - o can then be smoothly extended to M by zero (outside of V). O

Definition 2.19 (Vector bundle morphism). A morphism of vector bundles from E — M to E' — M’ is a pair of
smooth maps f: M — M’', F : E — E' such that the diagram below commutes and the restriction F, of F to E,
is a linear map E, — E}(z) for any x € M.

E-Lf g

o

MT>M’

In this context we also say that F is a vector bundle morphism over f.

Remark 2.20. Instead of requiring the linearity fiberwise, one can require that (F, f) intertwine the 0, -, + operations
of E and E'.

Example 2.21. (The tangent bundle is a vector bundle) The tangent bundle TM of a manifold M is a vector
bundle and given a smooth map f: M — M’ the differential Tf : TM — TM' is a vector bundle morphism.

5The support is the closure of the set where a function is non-zero.
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Exercise 2.22. (Pullback of a vector bundle) Let E — M be a vector bundle and f : N — M a smooth map. Show
that there is a unique vector bundle structure on f*E := N Xy E such that the natural projection f*E — FE is a
vector bundle morphism over f. We call this vector bundle the pullback of E along f.

Definition 2.23. When f : N — M is the inclusion of a submanifold, then f*E is canonically isomorphic to
75 (N) and we write E|y for it. We call E|y the restriction of E to N. When N = {z} (x € M) we call
E, = El|; the fiber of E at x.

2.2.1 Local triviality and global complements

To show that vector bundles are locally trivial, we will need the following

Lemma 2.24. Let E — M and E' — M be vector bundles and x € M. If F : E — E’ is a vector bundle morphism
over idys such that F|g, is surjective, then there exists an open neighborhood U of x in M, such that E|y — E' is
a submersion.

Proof. By picking coordinates adapted to the submersion £ — M (Lemma , we can show that this map has
surjective differential at 0, € E,. (In the base directions we have the identity, in the fiber directions this is due
to the surjectivity of F, : E, — E! and its linearity). This means that there is an open neighborhood U of z in
M such that F' has surjective differential at 0, for all y € U. Let v € E and o any section of E going through v.
Translation 7, by a section o is a diffeomorphism, so applying the differential T, to

TFog O F'=FoT,
implies that F' has surjective differential over all of E|y. O

Lemma 2.25 (Equivalence to classical definition). The above definition is equivalent to the classical definition of
a vector bundle (i.e. the one with local trivializations).

Proof. At a point x, pick a basis vy, ..., v of the fiber and sections o; € I'(E) going through v;. Let us consider the
map ® : M x RF — E, (y, A1, ..., A\p) >; Aioi(y). This is a vector bundle morphism. This means that by Lemma
[2.24]it is a submersion on an open neighborhood U of . This implies that o7, ..., o) are linearly independent over
U. Hence, ®|y«rr is bijective, i.e. a diffeomorphism, thus it provides a local trivialization of E. O

Theorem 2.26 (Vector bundles are finitely generated). Let E — M be a smooth vector bundle of rank k over an
m-dimensional manifold M. Then there is a surjective vector bundle homomorphism: M x R(m+1k 5 B

Proof. For each x € M let U, be a neighborhood on which E admits a local trivialization (equivalently frame

07,...,0f). Without loss of generality we may assume that o7 extend to all of M (maybe not as a frame). Let

{Vi.a}i.a be a cover subordinate to {U, },en as described in Ostrand’s theorem. We call the corresponding sections
7,0 . . =

o/ Let x;,o be bump functions which are 1 on V; , and zero on

U Vis.

Bo

(This is possible because for fixed i the family is discrete). We now define
05 = D Xia0y "
o

This sum is locally finite, and over each fixed V; , the collection o, ..., o}, forms a frame of E Vi..- But this means
that the map M x R("tD% 5 F induced by the a;- is surjective. O

Lemma 2.27. (Direct sum of vector bundles) Let E — M, E’ — M be vector bundles. Then there is a unique
vector bundle structure on E @ E' := E xp E' — M such that the inclusions from and projections to E,E' are
morphisms of vector bundles.

Lemma 2.28. (Subbundles and quotients) Let E — M be a vector bundle and V. C E a submanifold, such that
Ve C E, is a vector subspace of dimension k for all x. Then both V and E/V (quotient taken fiberwise) are vector
bundles and there exists a (non-canonical) isomorphism of vector bundles E =V @ (E/V)
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Proof. The proof can be carried out using local frames. In the last part a partition of unity might be useful. O

Corollary 2.29. Let E — M, E' — M be vector bundles and F' : E — E’ a surjective vector bundle homomorphism
over idps. Then ker F' is a vector bundle and there is an isomorphism ker(F) @ E' =2 E.

Proof. The first part is a consequence of the submersivity of F' and the second of the preceding Lemma. O

Theorem 2.30. Every vector bundle E — M is a direct summand in a trivial vector bundle, i.e., there exists E’
such that E® E' = M x RN,

Proof. This is a consequence of Theorem and Corollary O

2.3 Intermezzo : Introduction to categories (CATEGORY THEORY)

We have seen in Exercise that the space of smooth sections I'(E) of a vector bundle E — M is a C*°(M)-
module. In this section we will show that I'(E) - in a certain sense - remembers everything about E. To make this
precise, we will need the language of category theory.

Definition 2.31. A category C is given by
« A collectiorﬁ Ob(C) of objects . We usually write a € C rather than a € Ob(C).

e For any pair a,b € C of objects a collection home(a,b) of morphisms . When there is no ambiguity, we write

f:a—b for f € home(a,b).
o For any a € Ob(C) an identity morphism id, € home(a,a).
o For any triple a,b,c € Ob(C) a map
o : home(b, ¢) x home(a, b) — home(a,c), g, f — go f
called composition ,

such that for all morphisms f:a —b,g:b— c,h:c— d the following associativity and unit axioms hold:
ho(gof)=(hog)of idyof=1f foid, = f.
Example 2.32. The category with all sets as objects and all maps as morphisms is a category called Set.

Remark 2.33. In the above, we used the word collection rather than set. This is because there is no set of all sets.
We refer to [ML78] for details. On the other side, we will mostly look at categories where the space of morphisms
between two fixed objects does form a set. Those categories are called locally small . When all objects and morphisms
form sets, we call a category small . In the non-set setting the notion of equality is subtle, we will try to avoid using
= for objects of such categories and rather use isomorphisms to avoid this problem.

Example 2.34. Let X be any set. Then we define C = Cx given by:
e Ob(C)=X
o home(z,z) = {id,} for all x € X and home(z,y) = {} for x # y.
There is a unique o making this a category.
Example 2.35. Let G be a group. Let * be any abstract element. We can define C = Cg by
e Ob(C) = {*}
e home(x,%) =G
e id, = e the neutral element of G

e goh=g-h is the multiplication of the group.

6We would like to say set here, but in general we can’t.
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This forms a category. Note that we have not used inverses: This can be done even when G is only a monoid, not
a group.

Example 2.36. The following form categories (we write objects, morphisms)
o groups, group homomorphisms (We call it Grp)
e groups, group isomorphisms
o vector spaces over a field K, linear maps (We call it Vecty)
o modules over an algebra A, linear maps (We call it Mod 4)
o smooth manifolds, smooth maps (We call it M£fd)
e topological spaces, continuous maps (We call it Top)
o {R™ n € N}, Polynomial maps
o Vector bundles, vector bundle homomorphisms (We call it VB)
o vector bundles over a fized manifold M, vector bundle homomorphisms over idy;. (We call it VByy )

Exercise 2.37. Show that {R",n € N}, with morphisms given by polynomial maps of degree < 2 does not form a
category.

The idea to think of morphisms as maps is purely conventional, there are settings where morphisms have nothing
to do with maps (The category Cg of a group G was already an example in a way). The same way that for a group
we can define an opposite group by reversing the multiplication order, we can define the opposite category of a
category.

Example 2.38. Let C be a category. The opposite category CP is given by:
o Ob(C°?) = Ob(C)
e homgcor(a,b) := home (b, a)
e 1S =id¢
* gocor f=focyg
Categories themselves form a category with the following notion of morphism:
Definition 2.39. Let C, D be categories. A (covariant) functor F : C — D is given by
o For any a € C, an object F(a) € D.
e Forany f:a—binC, a morphism F(f): F(a) — F(b).
such that for all g: b — ¢, f:a— b we have F(go f) = F(g) o F(f) and for all a € C F(id,) = idp(,).
Example 2.40. This continues Ezample . Any map ¢ : X =Y, induces a functor Cx — Cy via F(x) = ¢(z).

Example 2.41. This continues Example . A group homomorphism ¢ : G — H induces a functor via F(x) = x
and F(g : % —¢, *) = ¢(g) : * —¢,, *. The arrow notation is there to underline that we see the group elements as
morphisms of * in the respective categories.

Example 2.42. Any vector space is a group and any linear map is a group homomorphism. This induces a natural
(forgetful) functor from Vect to Grp.

Example 2.43. The tangent bundle T : Mfd — VB is a functor. The functoriality is exactly the chain rule of
differentiation.

We saw that for any vector bundle E — M, we have a C°°(M)-module I'(E). In fact a vector bundle homo-
morphism ¢ : E — E’ over id); induces a module homomorphism ¢, of sections via composition o +— ¢ o g. We
have the following

13



Lemma 2.44. The assignment E — T'(E) on objects and ¢ — ¢, on morphisms defines a functor
I':VBy — MOdCoo(M).
We call it the sections functor .

We will often encounter order-reversing functors. Given a linear map ¢ : V' — W between vector spaces, there
is an induced map ¢* : W* — V* of duals. This assignment looks like a functor but is order-reversing. We can
describe this phenomenon as follows:

Definition 2.45. A contravariant functor C — D is a covariant functor C°? — D.

Example 2.46. The dualization is a contravariant functor Vectg — Vecty.

2.3.1 Equivalences of categories
The notions of morphisms and identities in a category are sufficient to define isomorphisms.

Definition 2.47. A morphism f : a — b in a category C is an isomorphism if there exists a g : b — a such that
fog=idy and go f =id,. Such a g is called inverse of f. A category where all morphisms are isomorphisms is
called a groupoid .

Exercise 2.48. Show that inverses are unique, and that identities are isomorphisms and that compositions of
isomorphisms are isomorphisms.

Example 2.49. For any category C we can look at the category C* with the same objects but only the isomorphisms
as morphisms. This category is a groupoid.

Example 2.50. The categories Cx from[2.5] and Cq from Ezample[2.35 are groupoids. The category Set is not.

We can apply this definition to the category of categories and obtain a notion of isomorphism for functors.
However, in most situations this notion of equivalence is too strict. We will define the following weaker notion of
equivalence as follows:

Definition 2.51. Let F : C — D be a functor between locally small categories.
o We call F essentially surjective if for any d € D there exists a ¢ € C and an isomorphism ¢ : F(c) — d.
e We call F fully faithful if f — F(f) induces a bijection hom(a,b) — hom(F(a), F (b)) for all a,b € CE]

Essential surjectivity replaces the notion of surjectivity: It is not necessary to hit everything in the codomain,
it suffices to hit everything up to isomorphism. Full faithfulness on the other hand replaces injectivity. It implies
that non-isomorphic objects are mapped to non-isomorphic objects by the functor. In particular injectivity is also
assured only up to isomorphism.

Example 2.52. We can look at the inclusion of the category given by {R™|n € N} into the category of vector spaces
over R. This is fully faithful. If we look at the inclusion rather into the category of all finite-dimensional vector
spaces over R, then it is even essentially surjective (any finite-dimensional real vector space is isomorphic to R"
for some ).

Let us return to our case of interest:
Theorem 2.53. The sections functor I' : VByy — Modgee (ary s fully faithful.

Proof. We have to show that any C(M)-linear map L : T'(E) — T'(E) for vector bundles E — M, E — M comes
from a (unique) smooth vector bundle homomorphism. Let us start with uniqueness. Let ¢, ¢’ : E — E be vector
bundle homomorphisms over the identity. If they are unequal, then there is some v € E such that ¢(v) # ¢'(v).
Let o be a section passing through v. Then ¢.o # @0, i.e. . # @,.

For existence, we will use Theorem Lt EGE' 2 M xRN, E®E = M x RY. Leaving the isomorphisms
implicit, we will use the inclusion ip : E — M x RY the projection pp : M x RY — E etc. We have a
morphism ['(M x RY) — T'(M x RY), given by (iz). o Lo (pg).. Such a morphism can be described by a matrix
in Mat g, n(C*°(M)) of smooth functions. However, such a matrix of smooth functions gives a vector bundle

morphism o : M x RN — M x RY. We can now obtain a morphism [ : E — E which is mapped to L by the
sections functor as [ :==pgoaoig. O

7If this assignment is always surjective the functor is called full , if injective it is called faithful .
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Remark 2.54. The equivalence of morphisms is even better: Both the morphisms of modules and of vector bundles
form a vector space and the functor I is linear, i.e., induces isomorphisms of these vector spaces. One can give this
a categorical interpretation but we will not do that now.

To characterize its essential image, we need the definition of projectivity of modules. We do not want to enter
ring and module theory here, so we will only describe them in the finitely generated case.

Definition 2.55. Let R be a ring. An R-module L is called projective and finitely generated if there exists a
module L', and an N € N such that L ® L' = RV .

We can now formulate

Theorem 2.56 (Serre-Swan). Let M be connected. The sections functor is an equivalence of categories from VByy
to finitely generated projective C°° (M )-modules.

Proof. Let a finitely generated projective C°°(M )-module L be given, i.e. L&L' = C(M)"N. Note that C°(M)N =
(M xRY). Consider the projectors 7, := iy opy : C°(M)N — C°°(M)N and 7. We use the preceding theorem
to obtain vector bundle morphisms 7,7 : M x RV — M x R¥ corresponding to 7y and 7z,. The sum of vector
bundle morphisms 7+ 7’ is the identity because the sum of 7y, and 7r is. On the other side 707’ = 7’ o7 = 0 (the
zero homomorphism). This can be used to show that Im(7) = ker(7’). This implies that E := Im(7) is a vector
bundle (kernel dimensions can only jump up and image dimensions only down, so the rank is locally constant, since
M is connected it is even globally constant). One can then show that I'(E) = L. O

Remark 2.57. One of the explanations for the name projective was illustrated in the above proof: It is those
modules that can be realized as images of projections.

Example 2.58 (Mébius bundle). Let us fir a point a € M = S = R/Z and consider the ideal € = 1, = {f €
C>(M) | f(a) =0}. There is no single generator for it. Assume such a generator f would exist.

e If f'(a) # 0, then f changes sign at a, so there must be another point b € S*\{a} with f(b) = 0. All multiples
of f also vanish at this point, i.e. fC(S*) C {g | gla)=0=g(b)} CE.

o If f'(a) =0, then fC(S') C{g | g(a) =0=g'(a)} S €.

However, £ ® E = C®(S')2. To see this, let us pick two further, distinct points b,c € S'\{a} and let ¢qp, Pa.c be
functions vanishing exactly in a,b (resp. a,c) and having non-zero derivatives in these points. Then the map

. oo aly2 2 f Gap  —Pac) (f
F:C (S ) - &7, (g) = (Qf)a,c Gab ) (g>

provides the desired isomorphism, because the inverse in the sense of matrices

1 < ¢a,b ¢a,c)
i,b + (Z%,C _(ba,c ¢a,b

yields a well-defined operation on £2. This is because

¢a,b ¢a,c & C Ig
_(ba,c (ba,b 5 Ig
and division by ¢7., + ¢3 . is a well-defined operation from I7 to C*°(S'). Here I7 = {f € C=(S") | f(a) =
0, f'(a) =0}.
In particular £ is a finitely generated projective module, so by the Serre-Swan theorem it is the module of sections

of a vector bundle E — S*. This bundle has rank one, since €D E has rank two, and it is not trivial, since £ s not
generated by a single element: it is the Mdbius bundle.

Exercise 2.59. Show that the sections functor preserves direct sums of vector bundles and kernels and cokernels
of (constant rank) vector bundle homomorphisms.

Finally, we will prove that all Poisson algebra structures on smooth functions actually come from Poisson
structures. Let us first prove a preliminary Lemma:

15



Remark 2.60. The following few statements already use tensor products ®, that we will learn about in the next
section. Until then one should think of T(TM ® E) as the space of vector bundle maps T*M — E and of T(TM%* @
E) as the space of k-fold multilinear maps T*M X g ... Xpg T*M — E.

Lemma 2.61. Let E — M be a vector bundle. The map
I'(TM ® E) — {derivations C*°(M) — T'(E)},o — D,

given by D, (f) = (df, o) is an isomorphism of C*°(M)-modules. Here (-,-) is the pairing T*M x (TM ® E) — E
induced by the pairing T*M x TM — R.

Proof. Recall that for E = M x R we have T'(E) & C°°(M), so the statement simply becomes the fact that
X(M) =T(TM) are the derivations from C*°(M) to C*°(M). This can be generalized to derivations with values
in C>°(M)N, i.e. to trivial vector bundles. Using the fact that any vector bundle is a direct summand in the trivial
one, one can deduce the statement for all vector bundles. O

Remark 2.62. This statement would not be true if replacing I'(E) with an arbitrary module. This is illustrated e.g.
in [Nes20, 14.9], where a module of algebraic differential 1-forms with a derivation are defined, which can never
factor through T(T*M) (in fact T(T*M) is a non-trivial quotient of it).

Theorem 2.63. The inclusion of (T M%* ® E) into k-fold multiderivations C*°(M)¥ — T'(E) is an isomorphism.

Proof. The statement follows from the previous one by observing that such a k-fold multiderivation can also be
seen as a derivation with values in k — 1-fold multiderivations and then by carrying out induction on k. O

Corollary 2.64. Let {-,-} be a Poisson algebra structure on C°(M). Then there is a Poisson structure m :
T*M Xp T*M — R inducing it.
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3 Cartan calculus

i B
-y

3.1 Cartan calculus for a commutative algebra (ALGEBRA)

Cartan calculus (calculations with Lie derivatives, interior products and exterior differentials) will be one of our
main tools in this lecture series. It is a purely algebraic phenomenon, so we will formulate it algebraically. In this
section let A be a commutative associative R-algebra (with unit).

3.1.1 Reminder on multilinear maps

Definition 3.1 (Space of multilinear maps). The space of multilinear maps or space of Chevalley-Eilenberg cochains
is defined as
CE*(L, L") := {a: LF — L'| A-multilinear and alternating},

where alternating means that exchanging the positions of two entries flips the sign of the result. For k = 0 we set
CEXL,L') = L'. We write CE*(L) for CEF(L, A).
Exercise 3.2. Show that, given two A-modules L,L’, the space CEk(L,L') s an A-module with multiplication
defined as a - o := (X1, ..., x) — a- (X1, ..., TK))).
Definition 3.3. For a € CE*(L) and § € CE!(L) we define the wedge product a A 3 € CEFT(L) by
. a 1
(04 A ,8)((131, ceey Ik—i—l) = Z (—1) ma(xaﬂ(l), N waq(k)) . ﬁ(waﬁl(k_’_l), ceey xofl(k:+l))

G’GSk.H

Remark 3.4. The division by k! comes from the fact that by taking all permutations, we are putting all possible
k-tuples of x; into « multiple times in various orders (k! times). Idem for l! and 5. If we would work in a setting
where dividing is a problem (e.g. characteristic p), we would instead of dividing by k!l! reduce the number of used
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permutations from Siy to the (k,1)-unshuffles, which form a representative system for the orbits of the left-action
Of Sk X Sl on Sk+l-

Lemma 3.5. The space CE(L) = €D, CE'(L) is a graded-commutative associative algebra with the wedge product.

3.1.2 Lie-Rinehart Algebras
Exercise 3.6. Show that the space of derivations
Der(A) = {D € Homg(A4, A) | D(ab) = D(a)b+ aD(b) Va,b € A}

is an A-module with multiplication defined by a - D := (b — a - D(b)) for a,b € A. Show that the commutator
[D,D']:=DoD'"—D'oD defines a Lie-algebra structure on Der(A).

Definition 3.7 (Lie-Rinehart algebra). A Lie-Rinehart algebra over A is an A-module L, together with
o A Lie bracket [-,-]: L x L — L.
o An A-linear map p : L — Der(A), which is also bracket-preserving (p([z,y]) = [p(z), p(y)])
such that for all a € A,x,y € L the following Leibniz rule holds:
[z, ay] = alz, y] + p(z)(a) - y.
Exercise 3.8. Check that L = Der(A) with p = idper(a) s a Lie-Rinehart algebra.
Exercise 3.9. Show that the space of vector fields X(M) is a Lie-Rinehart algebra over C*°(M).

Exercise 3.10. Let F C TM be an involutive distribution. Let us write i : F — TM for the inclusion. Show that
['(F) is a Lie-Rinehart algebra over C°(M) with p = i,.

Exercise 3.11. Show that for A = R, Lie-Rinehart-algebras are just Lie algebras.

3.1.3 Exterior differentiation and cohomology

Definition 3.12 (exterior differential). Let L be a Lie-Rinehart algebra. The exterior differential is an operator
d: CEF(L) — CE*(L) defined as

k+1
(do)(@1, ooy ig1) = D (1) p(@) (@@, o iy wig)) + Y (D) o[, 2], 20,000, By oy Ty ooy Ty 1)
i=1 1<i<j<k+1

fora e CE’“(L) and x; € L. In the formula above the ’hats’ denote omission of the corresponding entries.
Exercise 3.13. Verify that d is well-defined. (The subtle point is the A-multilinearity).
Lemma 3.14. The operator d is R-linear and satisfies
da A B) = (da)AB+ (=1)la ndp
for all o € CE*(L), 8 € CEY(L). We write |a| for the degree k of a.
Lemma 3.15. d> =dod =0.
Definition 3.16. The Chevalley-Eilenberg-cohomology of a Lie-Rinehart algebra L is defined as
_ker(d: CE*(L) — CE*"'(L))
© Im(d:CE*"'(L) —» CE*(L))

H* (L)

where, by convention CE™"(L) = {0} is the trivial module.

Lemma 3.17. The space H(L) = H*(L) is a graded-commutative algebra with the product induced by the wedge
product.

Exercise 3.18. Calculate H(L) for A =R and L your favourite Lie algebras. (abelian 2-dimensional, non-abelian
2-dimensional, Heisenberg, s0(3)).

Remark 3.19. Many interesting cohomologies arise this way, for instance the de Rham cohomology of a smooth
manifold, which we will meet again soon, is exactly H(X(M)). Cohomologies of Lie algebroids, Poisson manifolds,
reqular foliations etc. can all be seen as particular cases of the above.
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3.1.4 Cartan calculus

Definition 3.20. Let L be a Lie-Rinehart algebra, = € L and o € CE*(L).
e Define the contraction of a with x, as the element 1, € CEk_l(L) satisfying tya(x1, ..., Xp—1) = (T, T1, ey Tp—1).
e Define the Lie derivative of a by x as Ly = tpda + digc.

Lemma 3.21 (Cartan calculus). For z,y € L, the following relations hold:

lply = —Lylg L,d=dL,
Uey) = Laty = tyLa Ly = LaLy — LyLy
L, =1,d+dig 2 =0

Moreover, v, and L, are (graded) derivations of A\, meaning:

te(aAB) = (tza) AB+ (=Da AwB
L.(aNpB)= (L) NB+aANL,p

Remark 3.22. The rule of thumb for signs is as follows: when an odd thing passes an odd thing, a sign appears,
otherwise not.

Exercise 3.23. Find a formula for Ly, where a € A and x € L.

3.2 Reminder on tensor products (Algebra)

In this subsection we will recall the notion of tensor products, which is closely related to multilinear maps we saw
in the previous section. In order to understand tensor products, we will start by looking at vector spaces (or free
modules) and their bases. Let’s start by fixing the vocabulary:

Definition 3.24. An R-module L is called free if it admits a basis, i.e., is isomorphic to R®T = @,c; R for some
set I.

Remark 3.25. In principle I might be infinite. In that case one has to be careful, about a difference between [[; R
and @; R. The elements of the former are arbitrary maps I — R, while the latter contains only maps which have
finite support, (i.e. (a; € R)ier is an element of @; R if and only if only finitely many a; are nonzero). Translating
this into the terms of bases this means that any element of L can be described uniquely as a finite linear combination
of vectors in the (possibly infinite basis). -

Let L, L' be free modules with bases By, Br,. We will now consider the relationship between certain operations
on the bases and operations on the vector spaces. Let us first consider the disjoint union Bz UBy,. What operation
on the modules does it correspond to. I.e., what is the module whose basis is By, L By:? It turns out the answer is
the direct sum L& L' (= L x L’ seen as a set).

But what would a module whose basis is given by By, x Br/? It turns out this corresponds to an operation called
the tensor product. We write L ® L’ for the resulting module and [ ® I’ rather than (I,1") for the corresponding basis
elements in By, x Br,. How does the resulting vector space look? Its elements are finite sums:

Z /\i,jli X l;

where [; € By, and l;- € Br:. Let K be a further module, then a linear map ¢ = L ® L' — K is given determined
uniquely by a matrix ¢; ; = ¢(l; ® [;) for ; € Bz, and l; € Br:. This means, linear maps from L ® L' to K are in
one-to-one correspondence to bilinear maps L x L' — K.

We will now try to redefine tensor products in a more intrinsic way, which does not need a basis. This has the
additional advantage that it works on non-free modules (like the Z-module Z/2).

Definition 3.26. Let R be a ring and L, L' R-modules. Let us consider the set R®EXL) equipped with the linear
equivalence relation generated by:

e (A, v") = (v, \)

o (v+w,v) = (v,v) + (w, )
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. (00 + ) = (0,0) + (v,0)

for all vyw € L, v',w' € L', A\ € R. Here, we write (v,v') for the element in R®L*L) which has value 1 in
its (v,v")-component and zero elsewhere. When we write linear equivalence relation, we meant that sums / scalar
multiples of equivalent things should be equivalent. We denote by LR L' the resulting R-module and call it the tensor
product of L with L'. We write v @ v' for the element in L ® L' corresponding to (v,v").

Exercise 3.27. Verify that for free modules the old and new constructions agree, i.e., that the resulting module is
free with the new basis given by the product of the old.

Let’s collect a few nice properties of tensor products (We write = to indicate canonical isomorphisms):
Lemma 3.28. Let L, L', K, K’ be R-modules.
s Lel)eK=Le (LK)

o Two linear maps f : L — L', g: K — K’ induce a linear map LQ L' — K Q L'.

LeoK)o( eoK)Z2LL Lo K o KoL o K® K’
o Homp(L®L',K)={L x L' - K, R — bilinear}
e L/ =L L.

Remark 3.29. When L, L’ are free and finite-dimensional, one also has nice behavior with respect to dualization
L* := Hom(L, R), for example (L ® L')* = L* ® (L")*. However in full generality this is wrong, the former space
is larger than the latter already for infinite-dimensional vector spaces.

Let us now start with some module L and take its repeated tensor products

T®L .= @L®k
keN

Here L®* denotes the k-fold tensor product of L with itself, where by convention L#° is the ground ring R. There
is a natural isomorphism
LOF @ LBV 5 [OK+k)

which induces a linear map T®L @ T®L — T®L. This corresponds exactly to a bilinear map T®L x T®L — T® L.
This map turns 7L into an algebra.

Definition 3.30. We call T® L the tensor algebra over L.

3.3 Algebraic constructions of vector bundles and differential forms (GEOMETRY)

Lemma 3.31. (Hom-bundles and dual bundles) Let E and E’ be vector bundles over M. There is a unique vector
bundle structure on
Hom(E, E') = | | Hom(E,, E},) - M
reM
such that the vector space structure on the fiber over x is the one of Hom(E,, E’). For E' = M x R the trivial
one-dimensional bundle, we write E* := Hom(E, M x R) and call E* the dual bundle of E. We have a natural
isomorphism (E*)* = E.

Lemma 3.32. (Tensor products) Let E and E' be vector bundles over M. There is a unique vector bundle structure
on
E®E = || E.®E, - M.
xeEM

We have a natural isomorphism Hom(E, E') % E* @ E'.
By tensoring a vector bundle F with itself repeatedly, we obtain a vector bundle E®* = E® --- ® E.

Lemma 3.33. The concatenation of tensors defines a natural multiplication E®* x 3y E®* — E®F+D - This turns
T®E = @B E®% into a bundle of associative algebras (with infinite-dimensional fiber).
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There are two natural (left) actions of the symmetric group Sy, on E®*, one of them by permutation
Sym, (v1 ® ... @ Ug) :=Vg-11 @ ... ® Vg—1%
and the other by signed permutation Alt, = (—1)?Sym,,.

Definition 3.34 (Symmetric and exterior powers). For any k, we call the Sy-invariant elements (E¥F)S™ for
Sym in E®F symmetric k-tensors in E. Similarly we call (E¥¥)A the skew-symmetric k-tensors or alternating
k-tensors in E. We call SKE := E®* /Sym the k-th symmetric power of E, where the quotient is carried out in each
fiber by the linear subspace generated by {Sym & — &|o € Sk, & € E®FY. Similarly, we define the exterior powers
AFE as the quotients of E®* by the fiberwise equivalence relation generated by Alt.

Lemma 3.35. (Symmetric and skew-symmetric powers) The spaces (E®*)Sym (E®MALL - gkp AFE are vector
bundles. Moreover, the concatenations
(E®F)m — E®F — S*E

(E®k)Alt N E®k N AkE
are isomorphisms.
Remark 3.36. Here E®? := M x R is the trivial bundle with the trivial Sy = {e}-action.

Exercise 3.37. Check that @kZO(E@)k)Sym does not form a bundle of subalgebras of T®E, but that there is a

(unique) bundle of algebras structure on SE = @+, SkE making the projection T°E — SE an algebra bundle
homomorphism. Analogously for the alternating tensors and powers.

Remark 3.38. When k is greater than the rank of E, the space A*E becomes a rank zero vector bundle, i.e. the
number of (non-trivial) terms in the direct sum is actually finite for AE.

Definition 3.39. We call AE the exterior algebra bundle and write A : AE Xy AE — AFE for its product operation.
Instead of defining and proving things in this section manually, we could use the Serre-Swan theorem.
Theorem 3.40. Let R be a commutative ring. Let L, L' be finitely generated and projective modules
e The tensor product L ® L' is finitely generated and projective. (So are the tensor powers L®*)
o The space of homomorphisms hom(L, L) is finitely generated and projective. (In particular L* is).
e There is an isomorphism hom(L, L") = L* ® L.
e The exterior powers A*L are projective and satisfy (A¥L)* = A¥(L*).

Proof. The first item is a direct consequence of the preceding Lemma. The other items can be shown first for free
modules and then deduced for projective ones. O

Corollary 3.41. Tensor products, (skew-)symmetric powers, duals and hom-spaces exist for vector bundles and
behave as we would expect them to.

Let us make the above more concrete, when L = I'(E) is a vector bundle (very soon: E = TM the tangent
bundle).

Exercise 3.42. Let E be a vector bundle. Construct a natural isomorphism of vector bundles A¥(E*) — (AFE)*.
Find an evample of an (infinite-dimensional) vector space such that the analogous natural map A*(V*) — (A*V)*
is not an isomorphism.

Definition 3.43 (Differential forms). Let M be a smooth manifold. A differential form of order k or k-form field
is an element of
QF (M) := CEF(2(M)) = T((A*TM)*) = T(A*T*M).

A form is called closed when it is in the kernel of d and exact when it is in the image of d. We call the corresponding
Chevalley-FEilenberg cohomology the de Rham cohomology of M and write Hyr(M) for it.

All the operators of Cartan calculus are local in the following sense:
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Definition 3.44. Let E — M, E' — M be vector bundles. An R-linear operator D : T'(E) — I'(E') is called local
if the value of D(v), only depends on the values of v in an arbitrarily small open neighborhood of x. (In other words
D(v); has to be zero for any v which vanishes on a small neighborhood of x).

Exercise 3.45. Show that d : QF (M) — QFTY(M) is local. Verify that it is not, in general, C>(M)-linear.

Hint. Use the definition of d and the fact that the Lie bracket and the application of a vector field to a function
are local operations in both their entries. O

Exercise 3.46. Verify that the Lie derivative (X,a) — Lxa is a local operator both in X and in o.

Remark 3.47. We will use the various perspectives on differential forms interchangeably. We will also vary between
inserting multivectors v1 A ... A v, and tuples of vectors (v1,...,vx) into differential forms.

Lemma 3.48 (Local description of differential forms). Let U C R™ with coordinates x1, ..., x,. Then any differential
k-form o can be written as

>1 i), A A da,,

1<ii<...<ix<n

where fit(x) are smooth functions on U.

Proof. It can be verified that dx; form a frame of T*U, so dx;, A --- A dx;, form a frame of AFT*U. O
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